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Thus a — b = (k/e)(m/d), where k/e € Z and m/d € Z.
Thereforea = b (mod m/d). 23.1 25.1
27. (a,,a,,Al e alao)]o = ZZ:O 10"ak = ZZ:O ay (mod 9)
because 10% = 1(mod9) for every nonnegative integer .
29. If not, then suppose that gy, g2, .. ., g, are all the primes
of the form 6k + 5. Let Q = 6414, -+ - g, — 1. Note that Q
is of the form 6k + 5, where k = q1q2---q, — 1. Let Q =
p1p2 -+ p; be the prime factorization of Q. No p; is 2, 3, or
any q;, because the remainder when Q is divided by 2 is 1,
by 3 is 2, and by g; is ¢; — 1. All odd primes other than 3
are of the form 6k + 1 or 6k + 5, and the product of primes
of the form 6k + 1 is also of this form. Therefore at least
one of the p;’s must be of the form 6k + 5, a contradiction.
31. a) Not mutually relatively prime  b) Mutually relatively
prime  ¢) Mutually relatively prime ~ d) Mutually relatively
prime  33.a) The decryption function is g(q) = a(g — b)
mod 26, where a is an inverse of @ modulo 26. b) PLEASE
SEND MONEY  35.x =28 (mod 30) 37.Recall that
a nonconstant polynomial can take on the same value only a
finite number of times. Thus f can take on the values 0 and
%1 only finitely many times, so if there is not some y such
that f(y) is composite, then there must be some x, such that
% f(xo) is prime, say p. Look at f(xq + kp). When we plug
xo + kp in for x in the polynomial and multiply it out, every
term will contain a factor of p except for the terms that form
[ (xo). Therefore f(xo + kp) = f(xo) + mp = (m £ 1)p for
some integer m. As k varies, this value can be 0, p, or — p only
finitely many times; therefore it must be a composite number
for some values of k. 39. Assume that every even integer
greater than 2 is the sum of two primes, and let n be an integer
greater than 5. If n is odd, write n = 3 + (n — 3) and decom-
pose n — 3 = p + g into the sum of two primes; if  is even,
then write n =2 4 (n — 2) and decompose n —2 = p +¢
into the sum of two primes. For the converse, assume that ev-
ery integer greater than 5 is the sum of three primes, and let
n be an even integer greater than 2. Write n + 2 as the sum of
three primes, one of which is necessarily 2, son +2 =2 +

p+q,whence n=p+gq. 41.AY = [(1) (1)

0 1| o2 _|-1 O miz _ |0 —1
[—1 o]A =lo AT o

n>0 43.SupposethatA:[tc1 b].LetB:[O IJ.

4n+1
’An+:

d 00
Because AB = BA, it follows thatc = 0 anda = d. Let B =

[(1) g] . Because AB = BA, it follows that » = 0. Hence,

a 0
A=[0 a]:al.

45. procedure triangular matrix multiplication(A, B:
upper triangular n x n matrices, A = [a;,-],
B = [b;])
fori:==1ton
for j:=iton
begin
Cjj = 0
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fork:=itoj
Cij = cij + aikbyy
end

47.(AB)B'A™") = ABB™HA™! = AIA"!' = AA"! =
L Similarly, (B-'A~')(AB) = I. Hence, (AB)™! = B~!A"1.
49.a) LetAO 0 = [b,j] Then b,‘j = (a“ AQ)V--. v (a,-p A
0) = 0. Hence, A©0=0. Similarly 00A=0. b)AvV
0=1[a;Vv0]= [a,-j] = A.Hence AV 0 = A. Similarly 0 v
A=A ¢AA0=[a;A0]=[0]=0. Hence AAO=
0. Similarly 0 AA = 0. 51. We assume that someone has
chosen a positive integer less than 2", which we are to guess.
We ask the person to write the number in binary, using leading
0s if necessary to make it 7 bits long. We then ask “Is the first
bita 1?”, “Is the second bit a 1?”, “Is the third bita 1?”, and so
on. After we know the answers to these n questions, we will
know the number, because we will know its binary expansion.

CHAPTER 4

Section 4.1

1. Let P(n) be the statement that the train stops at sta-
tion n. Basis step: We are told that P(1) is true. Induc-
tive step: We are told that P(n) implies P(n + 1) for each
n > 1. Therefore by the principle of mathematical induc-
tion, P(n) is true for all positive integers n. 3.a) 12 =
1-2-3/6  b)Both sides of P(1) shown in part (a) equal 1.
Q) 124224 4 k2 = k(k+ 1)k + 1)/6 d) For each
k > 1 that P(k) implies P(k + 1); in other words, that as-
suming the inductive hypothesis [see part (c)] we can show
P+24 -+ B2+ k+ 172 = (k+ )k +2)2k +3)/6
(12 + 22+ - + )+ (k4 12 =[k(k + D2k +
/6] + (k + 1> =[(k + 1)/6][kQk + 1) + 6(k +
DI=[(k + 1)/6]Qk* + Tk + 6)=[(k + 1)/6](k +
2)2k +3) = (k+ 1)(k +2)(2k +3)/6 ) We have com-
pleted both the basis step and the inductive step, so by
the principle of mathematical induction, the statement
is true for every positive integer n. 5.Let P(n) be
P43+ Q4+ 1D =0+ D2+ 1)2n+3)/3”
Basis step: P(0) is true because 12=1=(0+1)2 -0+
1)(2 - 0+ 3)/3. Inductive step: Assume that P (k) is true. Then
P43 k12 R+ D +1P = (k+ D2k +
D@k + 3)/3 + Qk + 3)F = 2k + 3k + DQk+
/3 + 2k + 3)]=(2k + 3)2K* + % + 10)/3=
2k + )2k + Sk + 2)/3=[k + 1) + 1][2(k +
1)+ 1][2(k + 1) + 3]/3. 7. Let P(n) be “Z?:o 3.5/ =
3(5"*!' —1)/4” Basis step: P(0) is true because
Z?:o 3.5/ =3=3(5' - 1)/4. Inductive step: Assume
that Y% 3.5/ =3(5' —1)/4. Then Y35 =
(Choe3+5) + 35K+ 1 =35+ 1 1)/443. 581 =
35 4 4.5 _1)/4 =352 1)/4. 9.a)2+4+
6+ --+2n=n(m+1) b)Basis step: 2=1-(1+1) is
true. Inductive step: Assume that 24+4 +6+--- 42k =
k(k+1). Then 2 +4 + 6 + -+ +2k) +2(k + 1) =
k(k+1)+2(k+1)=(k+ 1)(k+2). 11.a) Zj‘:l 1/2/ =



S-26  Answers to Odd-Numbered Exercises

2" —1)/2" b) Basis step: P(1) is true because 5 (21
1)/2'. Inductive step: Assume that Z 1/2/ @k -
/2% Then Y71 5 = (5., )+ 7w = l-rl + g =
Ll = 2ol 13, Let P(n) be “12 = 22432 — ... 4
(=1)""'n? = (=1y""'n(n + 1)/2.” Basis step: P(1) is true
because 12 =1 = (—1)°12. Inductive step: Assume that
P(k) is true. Then 12 — 22 4+ 32 — ... 4 (=142 +
(=Dt + D =(=D"k(k + 124+ (DK + 12 =
(DA + D[=k/2 4 (k + 1] = (= 1k + D[(k/2) + 1] =
(=1y(k + 1)(k + 2)/2. 15.Let P(n) be “1-2+2-3 +
<+ n(n+1)=n(n+ 1)(n + 2)/3” Basis step: P(1)istrue
because 1-2 =2 =1(1 + 1)(1 + 2)/3. Inductive step: As-
sume that P(k)is true. Then1-24+2-3 +--- +k(k+ 1)+
(k + Dk + 2) = [k(k + 1)k + 2)/3]1+ (k+ D)k +2) =
(k + Dk + 2[(k/3) + 1= + Dk + 2)(k+3)/3.
17. Let P(n) be the statement that 1* 424 +3* + ... 4% =
n(n + 1)2n+ 1)(3n® +3n — 1)/30. P(1) is true because
1-2-3-5/30 = 1. Assumethat P (k)istrue. Then (1* 4+ 2* +
b Y+ D =k + DK + DGKE + 3k —
1)/30 + (k + D* = [(k + 1)/30][k(2k + D3k* + 3k — 1) +
30(k + 1] = [(k + 1)/30)(6k* + 39k> + 91k + 89k +
30) =[(k + 1)/30](k + 2)(2k + 3)[3(k + 1)> + 3(k + 1) — 1].
This demonstrates that P(k + 1) is true. 19.a)1 +% <
2—1  b) This is true because 5/4 is less than 6/4. ¢) 1+
1+ + & <2-1 dFor each k>2 that P(k) im-
plies P(k+ 1); in other words, we want to show that as-
suming the inductive hypothesis [see part (c)] we can show
1+ It +7+<k+1)z<2 1+ i+ -+
kz ‘{’(/m)2 <2- k + (k+|)2 = 2‘[%_ﬁ]=2_
[k2+2k+1 k] Ktk 2

_ L1
Kk+1)T T REFTE T k(k+1) = ST T RReZ <
2 — kll f) We have completed both the basis step and the

inductive step, so by the principle of mathematical induc-
tion, the statement is true for every integer n greater than 1.
21. Let P(n) be “2" > n2.” Basis step: P(5) is true because
2% =32 > 25 = 5%, Inductive step: Assume that P (k) is true,
that is, 2 > k2. Then 28*! = 2.2k > K2 + k2 > k2 + 4k >
k? 42k +1 = (k+1)? because k > 4. 23, By inspection
we find that the inequality 2n + 3 < 2" does not hold for
n=0,1,2,3.Let P(n) be the proposition that this inequality
holds for the positive integer n. P(4), the basis case, is true
because 2-4+3 =11 <16 =24 For the inductive step
assume that P(k) is true. Then, by the inductive hypoth-
esis, 2(k+1)+3=(2k+3)+2 <2*+2. But because
k>1,2F42 < 2k 42k = 2+ This shows that Pk+1)
istrue. 25.Let P(n)be“l +nh <(14+h)",h > —1" Ba-
sis step: P(0) is true because 1+0-h=1<1=(1+h).
Inductive step: Assume 1 + kb < (1 + h)t. Then because
(I+h) >0, +hf*+* =0+ kA +hF>A+n)1+
kh)=1+(k+1)h+kh* > 1+ (k+1)h. 27.Let P(n)be
UYUVT+UYVZH B+ 41 n > 2 (Vo 1 -1)7
Basis step: P(1) is true because 1 > 2 (ﬁ — 1). Inductive
step: Assume that P(k) is true. Then 14+ 1//2+ - +
UVk+UVEFT>2(VE+T= 1)+ 1/VE+1. If we
show that 2(\/k+ 1-1)+1/Vk+1> 2(vEk+2- 1),
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it follows that P(k + 1) is true. This inequality is equiv-
alent to 2(Vk+2-k+1)<1/Vk+1, which is
equivalent to 2 (vk+2 — vk + 1) («/—k-i-_2 +Vk+ 1) <
Vk+1/vk+1+ k+2/vk+ 1. Thisisequivalentto2 <
1+ vk +2/vk+ 1, which is clearly true. 29. Let P(n)
be “Hy <1+ n. Basis step: P(0) is true because Hy =
Hy =1 <140. Inductive step: Assume that Hy < 1+ k.
Then Hy+1 = Hy+ Z?Z;‘%l } <1+ k+ 2k (Zk—lﬂ-) <1+
k+1=1+(k+1). 31. Basis step: 1> + 1 =2 is divisi-
ble by 2. Inductive step: Assume the inductive hypothesis,
that k% +k is divisible by 2. Then (k+ 172 +(k+1) =
K +2k+1+k+1=k +k)+2k+1), the sum of a
multiple of 2 (by the inductive hypothesis) and a multiple
of 2 (by definition), hence, divisible by 2. 33. Let P(n)
be “n°> — n is divisible by 5.” Basis step: P(0) is true be-
cause 0° — 0 = 0 is divisible by 5. Inductive step: Assume
that P(k) is true, that is, &* — 5 is divisible by 5. Then
(k+1° = (k+ 1) = (k> + 5k* + 10K> + 10k> + 5k + 1) —
(k+1)=(k —k)+5(* +2k> + 2k + k) is also divisi-
ble by 5, because both terms in this sum are divisible by
5. 35.Let P(n) be the proposition that (2n — 1)> — 1 is
divisible by 8. The basis case P(1) is true because 8 | 0. Now
assume that P(k) is true. Because [2(k + 1) — 12— 1=
[(2k — 1)* — 1] + 8k, P(k + 1) is true because both terms on
the right-hand side are divisible by 8. This shows that P(n) is
true for all positive integers n,s0m? — 1is divisible by 8 when-
ever m is an odd positive integer. ~37. Basis step: 11'+1 4
12211 = 121 4 12 = 133 Inductive step: Assume the in-
ductive hypothesis, that 11"+ 4 122=1 is divisible by 133.
Then 10D 4 12204D-1 = 1. 117+ 4 144 1221 =
-1 (11 + 133) - 12271 = 11117 4 122 +
133 122*~!. The expression in parentheses is divisible by
133 by the inductive hypothesis, and obviously the second
term is divisible by 133, so the entire quantity is divisible
by 133, as de51red 39. Baszs step: Ay C By tautologically
implies that ﬂ i1 Aj ﬂ B;. Inductive step: Assume
the 1nduct1ve hypothes1s that 1f A CBjforj=1,2,...k
then ﬂ < =1 Bj. We want to show that if A C B

for j _1 2 k41, then M2 A; € (L] B). Let x
be an arbltrary element of ﬂk“ A (ﬂ i1 A7) N Ak

Because x € ﬂ o1 Aj, we know by the 1nduct1ve hypothe-
sis that x € ﬂ]=1 Bj; because x € Ayt;, we know from the
given fact that Ay C By that x € Byyy. Therefore, x €
(nf,:, Bj) N B =1 B). 41 Let P(n) be “(A U
AU---UA)NB = (AINB)U(A,NB)U---U(4, N
B).” Basis step: P(1) is trivially true. Inductive step: Assume
that P (k) is true. Then (A; U A, U---UA; U Apy)NB =
[(ATUA U UADU A ]NB=[(A1UAU---UAy)
NB]U (A1 NB) = [(AINB)U(A2NB) U---U (AN
B)]JU (A1 NB)=(A1NB)U(A, NB)U---U (AN
B)U(Ar11 NB).  43.Let P(n)be “Jy_, Av = (i, Ax”
Basis step: P(1) is trivially true. Inductive step: Assume

that P(k) is true. Then 1 4; = (Ui A,-)uAk+l =

(UJ-:l A/) NAk = (ﬂ,-:n Aj) N = L4
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45. Let P(n) be the statement that a set with » elements
has n(n — 1)/2 two-element subsets. P(2), the basis case, is
true, because a set with two elements has one subset with
two elements—namely, itself—and 2(2 — 1)/2 = 1. Now as-
sume that P (k) is true. Let S be a set with k£ + 1 elements.
Choose an element ¢ in S and let T =S — {a}. A two-
element subset of S either contains @ or does not. Those
subsets not containing a are the subsets of T with two ele-
ments; by the inductive hypothesis there are k(k — 1)/2 of
these. There are k subsets of S with two elements that contain
a, because such a subset contains a and one of the & ele-
ments in T. Hence, there are k(k — 1)/2 + k = (k+ 1)k/2
two-element subsets of S. This completes the inductive
proof.  47. The two sets do not overlap if n + 1 = 2. In fact,
the conditional statement P(1) — P(2) is false. 49. The
mistake is in applying the inductive hypothesis to look at
max(x — 1,y — 1), because even though x and y are pos-
itive integers, x — 1 and y — | need not be (one or both
could be 0). 51. We use the notation (i, j) to mean the
square in row i and column ; and use induction on i + j to
show that every square can be reached by the knight. Basis
step: There are six base cases, for the cases wheni + j < 2.
The knight is already at (0, 0) to start, so the empty sequence
of moves reaches that square. To reach (1, 0), the knight moves
0,0) > (2,1) = (0,2) — (1, 0). Similarly, to reach (0, 1),
the knight moves (0,0) — (1,2) — (2,0) — (0, 1). Note
that the knight has reached (2, 0) and (0, 2) in the process.
For the last basis step there is (0,0) — (1,2) - (2,0) >
0,1) > (2,2) > (0,3) —> (1, 1). Inductive step: Assume
the inductive hypothesis, that the knight can reach any square
(i, j) forwhichi + j = k, where k is an integer greater than 1.
We must show how the knight can reach each square (i, j)
when i + j =k + 1. Because k + 1 > 3, at least one of i
and j is at least 2. If i > 2, then by the inductive hypoth-
esis, there is a sequence of moves ending at (i —2, j + 1),
because i —24 j 4+ 1 =i+ j — 1 = k; from there it is just
one step to (i, j); similarly, if j > 2. 53. Basis step: The
base cases n = 0 and n = 1 are true because the derivative of
x%is 0 and the derivative of x! = x is 1. Inductive step: Using
the product rule, the inductive hypothesis, and the basis step
shows that %x"“ = %(x Ny =x- %x" +x"d~d;x =x-
kb= xk o1 = kxk 4+ xF = (k + Dk, 55. Basis step:
Fork = 0,1=1 (mod m). Inductive step: Suppose thata = b
(mod m) and a* = b* (mod m); we must show that a*=! =
b*1! (mod m). By Theorem 5 from Section 3.4, a - a*
b-b* (mod m), which by definition says that a**' =
b1 (mod m). 57.Let P(n) be “[(p1 = p) A (p2 =
PN - ADat = Pl = [(PL A -+ A Pact) = Pal”
Basis step: P(2) is true because (p; — p2) — (p1 — p2)
is a tautology. Inductive step: Assume P(k) is true. To
show [(p1 = p2) A+ A(pk-1 = pi) A (P = Prs))] =
[(prA- APt Ap) = pen] is a  tautology, as-
sume that the hypothesis of this conditional state-
ment is true. Because both the hypothesis and
P(k) are true, it follows that (py A---A py_1) =
Pr is true. Because this is true, and because py — pi4i
is true (it is part of the assumption) it follows by hypothetical
syllogism that (p; A - -+ A pr—1) = pi+1 is true. The weaker

[
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statement (py A -++ A pg—1 A pr) = pi41 follows from this.
59. We will first prove the result when 7 is a power of 2, that
is,ifn = 2%,k =1,2,.... Let P(k) be the statement A > G,
where A and G are the arithmetic and geometric means, re-
spectively, of a set of n = 2* positive real numbers. Basis
step: k=1 and n = 2' = 2. Note that (/aj — \/az)* > 0.
Expanding this shows that a; — 2,/a1a; + a; > 0, that is,
(a1 + @2)/2 > (a1a2)""%. Inductive step: Assume that P(k)
is true, with n = 2¢. We will show that P(k + 1) is true.
We have 257! =2n. Now (aj +ay+---+az)/(2n) =
[ai +ax+ -+ +an)/n+ @1 +aps2 + -+ +a2,)/n]/2
and similarly (aja; - - - a2,)"® = [(a; - - - ap) "™ (apy1 - - -
az,)'/"1V2. To simplify the notation, let A(x, y,...) and
G(x,y,...) denote the arithmetic mean and geometric mean
of x,y,..., respectively. Also, if x <x’, y <)/, and so
on, then A(x,y,...)<A(',),..) and G(x,y,...) <
G(x',y',...). Hence, A(ai,...,am)=A(Aa,...,a,),
A(an-Ha s aZn)) > A(G(al’ s an)’ G(an-H [RERE} aZn)) =
G(G(ay, ... ,an),G(ays1, ..., a2,))=G(ay, ..., ar). This
finishes the proof for powers of 2. Now if # is not a power
of 2, let m be the next higher power of 2, and let
Ant1, ..., an all equal A(ay,...,a,) = a. Then we have
[(@1a---a,)@™ "1™ < A(ay, ..., an), because m is a
power of 2. Because A(ay,...,a,)=a, it follows that
(ar---a,)/™a'="/™ < "™ Raising both sides to the
(m/n)th power gives G(ai,...,a,) < A(ay,...,a).
61. Basis step: For n = 1, the left-hand side is just 1, which
is 1. For n = 2, there are three nonempty subsets {1}, {2},
and {1, 2}, so the left-hand side is } + § + 15 = 2. Inductive
step: Assume that the statement is true for k. The set of the
first k£ + 1 positive integers has many nonempty subsets, but
they fall into three categories: a nonempty subset of the first
k positive integers together with £ + 1, a nonempty subset of
the first & positive integers, or just {k + 1}. By the inductive
hypothesis, the sum of the first category is k. For the second
category, we can factor out 1/(k 4 1) from each term of the
sum and what remains is just £ by the inductive hypothesis,
so this part of the sum is k/(k + 1). Finally, the third cate-
gory simply yields 1/(k + 1). Hence, the entire summation
is k+k/(k+1)+1/(k+1)=k+1. 63. Basis step: If
A, C A, then A, satisfies the condition of being a subset of
each set in the collection; otherwise A, C Ay, so A, satisfies
the condition. Inductive step: Assume the inductive hypothe-
sis, that the conditional statement is true for & sets, and suppose
we are given k + 1 sets that satisfy the given conditions. By
the inductive hypothesis, there must be a set A; for some
i <ksuchthat A; C A; for 1 < j <k.If A; C Ay1, then
we are done. Otherwise, we know that Ay, C A;, and this
tells us that Ay, satisfies the condition of being a subset of
Ajforl<j<k+1. 65G(1)=0,G2)=1,G(3)=3,
G(4) =4 67. To show that 2n — 4 calls are sufficient to
exchange all the gossip, select persons 1, 2, 3, and 4 to be the
central committee. Every person outside the central commit-
tee calls one person on the central committee. At this point
the central committee members as a group know all the scan-
dals. They then exchange information among themselves by
making the calls 1-2, 3-4, 1-3, and 2-4 in that order. At this
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point, every central committee member knows all the scan-
dals. Finally, again every person outside the central committee
calls one person on the central committee, at which point ev-
eryone knows all the scandals. [The total number of calls is
(n—4)4+4+ (n —4) =2n —4.] That this cannot be done
with fewer than 2n — 4 calls is much harder to prove; see the
website  http://www.cs.cornell.edu/vogels/
Epidemics/gossips-telephones.pdf for details.
69. We prove this by mathematical induction. The basis
step (n = 2) is true tautologically. For n = 3, suppose that
the intervals are (a, b), (c,d), and (e, f), where without
loss of generality we can assume that a < ¢ < e. Because
(a,b)N (e, f) # B, we must have e < b; for a similar reason,
e < d. It follows that the number halfway between e and the
smaller of b and d is common to all three intervals. Now for
the inductive step, assume that whenever we have k intervals
that have pairwise nonempty intersections then there is a
point common to all the intervals, and suppose that we are
given intervals I}, I, ..., ;4 that have pairwise nonempty
intersections. For each i from 1 to &, let J; = I; N ;1. We
claim that the collection Jy, J3, ..., J; satisfies the inductive
hypothesis, that is, that J;, N J;, # @ for each choice of sub-
scripts i; and i,. This follows from the n = 3 case proved
above, using the sets I,f, I;,, and I;1;. We can now invoke the
inductive hypothesis to conclude that there is a number com-
mon to all of the sets J; fori = 1,2, ..., k, which perforce
is in the intersection of all the sets /; fori = 1,2, ..., k+ 1.
71. Pair up the people. Have the people stand at mutually
distinct small distances from their partners but far away from
everyone else. Then each person throws a pie at his or her
partner, so everyone gets hit.
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75.Let P(n)be the statement thatevery 2" x 2" x 2" checker-
board witha 1 x 1 x 1 cube removed can be covered by tiles
thatare 2 x 2 x 2 cubes each witha 1 x 1 x 1 cube removed.
The basis step, P (1), holds because one tile coincides with the
solid to be tiled. Now assume that P(k) holds. Now consider
a 261 5 2k 5 2K+ cybe witha 1 x 1 x 1 cube removed.
Split this object into eight pieces using planes parallel to its
faces and running through its center. The missing 1 x 1 x 1
piece occurs in one of these eight pieces. Now position one
tile with its center at the center of the large object so that
the missing 1 x 1 x 1 cube lies in the octant in which the
large object is missing a 1 x 1 x 1 cube. This creates eight
2k x 2k x 2% cubes, each missing a 1 x 1 x 1 cube. By the
inductive hypothesis we can fill each of these eight objects
with tiles. Putting these tilings together produces the desired
tiling.
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77.
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79.Let Q(n) be P(n + b — 1). The statement that P (n) is true
forn =b,b+1,b+2,...1s the same as the statement that
Q(m) s true for all positive integers m. We are given that P (b)
is true [i.e., that Q(1) is true], and that P(k) — P(k + 1) for
all k > b [i.e., that Q(m) — Q(m + 1) for all positive inte-
gers m]. Therefore, by the principle of mathematical induc-
tion, Q(m) is true for all positive integers m.

Section 4.2

1. Basis step: We are told we can run one mile, so P(1) is
true. Inductive step: Assume the inductive hypothesis, that
we can run any number of miles from 1 to k. We must show
that we can run k + 1 miles. If k¥ = 1, then we are already
told that we can run two miles. If k¥ > 1, then the inductive
hypothesis tells us that we can run k — 1 miles, so we can
run (k — 1)+ 2 =k + 1 miles. 3. a) P(8) is true, because
we can form 8 cents of postage with one 3-cent stamp and
one 5-cent stamp. P(9) is true, because we can form 9 cents
of postage with three 3-cent stamps. P(10) is true, because
we can form 10 cents of postage with two 5-cent stamps.
b) The statement that using just 3-cent and 5-cent stamps we
can form j cents postage for all j with 8 < j < k, where we
assume that k > 10  ¢) Assuming the inductive hypothesis,
we can form & + 1 cents postage using just 3-cent and 5-cent
stamps  d) Because k£ > 10, we know that P(k — 2) is true,
that is, that we can form k£ — 2 cents of postage. Put one more
3-cent stamp on the envelope, and we have formed & + 1 cents
of postage. &) We have completed both the basis step and
the inductive step, so by the principle of strong induction,
the statement is true for every integer n greater than or equal
to 8. 5.a)4,8, 11, 12, 15, 16, 19, 20, 22, 23, 24, 26, 27,
28, and all values greater than or equal to 30  b) Let P(n)
be the statement that we can form n cents of postage using
just 4-cent and 11-cent stamps. We want to prove that P(n) is
true for all n > 30. For the basis step, 30 = 11 + 11 + 4 + 4.
Assume that we can form k cents of postage (the inductive hy-
pothesis); we will show how to form & + 1 cents of postage.
If the k cents included an 11-cent stamp, then replace it by
three 4-cent stamps. Otherwise, k cents was formed from
just 4-cent stamps. Because k > 30, there must be at least
eight 4-cent stamps involved. Replace eight 4-cent stamps
by three 11-cent stamps, and we have formed k + 1 cents in
postage. ¢) P(n) is the same as in part (b). To prove that
P(n) is true for all n > 30, we check for the basis step that
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30=114+114+44431=114+44+44+4+4+4,32=
4+4+444+444+4+4,and33 =11+ 11+ 11.For
the inductive step, assume the inductive hypothesis, that P( )
istrue forall j with 30 < j < k, where k is an arbitrary integer
greater than or equal to 33. We want to show that P(k + 1) is
true. Because k — 3 > 30, we know that P(k — 3) s true, that
is, that we can form k — 3 cents of postage. Put one more 4-
cent stamp on the envelope, and we have formed & + 1 cents
of postage. In this proof, our inductive hypothesis was that
P(j) was true for all values of j between 30 and k inclu-
sive, rather than just that P(30) was true. 7. We can form
all amounts except $1 and $3. Let P(n) be the statement that
we can form n dollars using just 2-dollar and 5-dollar bills.
We want to prove that P(n) is true for all n > 5. (It is clear
that $1 and $3 cannot be formed and that $2 and $4 can be
formed.) For the basis step, note that 5 = 5and 6 = 2 + 2 + 2.
Assume the inductive hypothesis, that P(j) is true for all j
with 5 < j <k, where k is an arbitrary integer greater than
or equal to 6. We want to show that P(k + 1) is true. Be-
cause k — 1 > 5, we know that P(k — 1) is true, that is, that
we can form k — 1 dollars. Add another 2-dollar bill, and we
have formed k + 1 dollars. 9. Let P(n) be the statement that
there is no positive integer b such that +/2 = » /b. Basis step:
P(1)istrue because v/2 > 1 > 1 /b for all positive integers b.
Inductive step: Assume that P () is true for all j < k, where
k is an arbitrary positive integer; we prove that P(k + 1) is
true by contradiction. Assume that v/2 = (k + 1)/b for some
positive integer b. Then 2b? = (k + 1)2, so (k + 1)%is even,
and hence, k + 1 is even. So write k + 1 = 2¢ for some pos-
itive integer ¢, whence 2b% = 4¢? and b? = 22. By the same
reasoning as before, b is even, so b = 2s for some positive in-
teger s. Then v/2 = (k + 1)/b = (2t)/(25) = t/s. But ¢ < k,
so this contradicts the inductive hypothesis, and our proof of
the inductive stepis complete.  11. Basis step: There are four
basecases. Ifn = 1 = 4. 0 + 1, then clearly the second player
wins. If there are two, three, or four matches (n = 4 - 0 + 2,
n=4-0+3, or n=4-1), then the first player can win
by removing all but one match. Inductive step: Assume the
strong inductive hypothesis, that in games with & or fewer
matches, the first player can win if k = 0, 2, or 3 (mod 4)
and the second player can win if k = 1 (mod 4). Suppose
we have a game with £ + 1 matches, with k > 4. If k+ 1 =
0 (mod 4), then the first player can remove three matches,
leaving k — 2 matches for the other player. Because k — 2 = 1
(mod 4), by the inductive hypothesis, this is a game that the
second player at that point (who is the first player in our
game) can win. Similarly, if k + 1 = 2 (mod 4), then the first
player can remove one match; and if k + 1 = 3 (mod 4), then
the first player can remove two matches. Finally, if k + 1 =
1 (mod 4), then the first player must leave £, k — 1,
or k—2 matches for the other player. Because k =0
(mod 4), k — 1 =3 (mod 4), and k — 2 = 2 (mod 4), so by
the inductive hypothesis, this is a game that the first player
at that point (who is the second player in our game) can win.
13. Let P(n) be the statement that exactly n — 1 moves are
required to assemble a puzzle with n pieces. Now P(1) is
trivially true. Assume that P(j) is true for all j < k, and
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consider a puzzle with k + 1 pieces. The final move must
be the joining of two blocks, of size j and k + 1 — j for
some integer j with 1 < j < k. By the inductive hypothe-
sis, it required j — 1 moves to construct the one block, and
k+1—j—1=k— j moves to construct the other. There-
fore, 1 +(j — 1) + (k — /) = k moves are required in all, so
P(k+1) is true. 15. Let the Chomp board have n rows
and n columns. We claim that the first player can win the
game by making the first move to leave just the top row and
leftmost column. Let P(n) be the statement that if a player
has presented his opponent with a Chomp configuration con-
sisting of just n cookies in the top row and n cookies in the
leftmost column, then he can win the game. We will prove
VnP(n) by strong induction. We know that P(1) is true, be-
cause the opponent is forced to take the poisoned cookie at
his first turn. Fix & > 1 and assume that P(j) is true for all
J < k. We claim that P(k + 1) is true. It is the opponent’s turn
to move. If she picks the poisoned cookie, then the game is
over and she loses. Otherwise, assume she picks the cookie in
the top row in column j, or the cookie in the left column in
row j, for some j with 2 < j < k + 1. The first player now
picks the cookie in the left column in row j, or the cookie in
the top row in column j, respectively. This leaves the position
covered by P(;j — 1) for his opponent, so by the inductive hy-
pothesis, he can win.  17. Let P(n) be the statement that if a
simple polygon with n sides is triangulated, then at least two
of the triangles in the triangulation have two sides that border
the exterior of the polygon. We will prove Vn >4 P (n). The
statement is clearly true for n = 4, because there is only one
diagonal, leaving two triangles with the desired property. Fix
k > 4 and assume that P(;) is true for all j with4 < j < k.
Consider a polygon with & + 1 sides, and some triangulation
of it. Pick one of the diagonals in this triangulation. First sup-
pose that this diagonal divides the polygon into one triangle
and one polygon with & sides. Then the triange has two sides
that border the exterior. Furthermore, the k-gon has, by the
inductive hypothesis, two triangles that have two sides that
border the exterior of that k-gon, and only one of these trian-
gles can fail to be a triangle that has two sides that border the
exterior of the original polygon. The only other case is that
this diagonal divides the polygon into two polygons with j
sidesand k + 3 — j sides for some j with4 < j <k — 1. By
the inductive hypothesis, each of these two polygons has two
triangles that have two sides that border their exterior, and in
each case only one of these triangles can fail to be a trian-
gle that has two sides that border the exterior of the original
polygon.  19.Let P(n) be the statement that the area of a
simple polygon with 7 sides and vertices all at lattice points
is given by I(P) + B(P)/2 — 1. We will prove P(n) for all
n > 3. We begin with an additivity lemma: If P is a simple
polygon withall vertices at the lattice points, divided into poly-
gons Py and P, by a diagonal, then I(P)+ B(P)/2 — 1 =
[/(P1) + B(P1)/2 =11+ [I(P2) + B(P)/2 — 1]. To prove
this, suppose there are £ lattice poifits on the diagonal, not
counting its endpoints. Then /(P) = I(P;) + I(P;) + k and
B(P) = B(Py) + B(P;) — 2k — 2; and the result follows by
simple algebra. What this says in particular is that if Pick’s
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formula gives the correct area for P; and P,, then it must
give the correct formula for P, whose area is the sum of the
areas for P; and P,; and similarly if Pick’s formula gives
the correct area for P and one of the P;’, then it must give
the correct formula for the other P;. Next we prove the the-
orem for rectangles whose sides are parallel to the coordi-
nate axes. Such a rectangle necessarily has vertices at (a, b),
(a,c),(d, b),and (d, c), where a, b, ¢, and d are integers with
b<canda <d.Itsareais (c — b)(d — a). Also, B =2(c —
b+d—-a)and I=(c—-b—-1)d—a—-1)=(c—b)d—
a)—(c—b)—(d —a)+ 1. Therefore, [ + B/2—1=(c —
bd—a)—(c—b)r-(d—-a)+14+(c—b+d—-a)—1=
(c — b)(d — a), which is the desired area. Next consider a
right triangle whose legs are parallel to the coordinate axes.
This triangle is half a rectangle of the type just considered,
for which Pick’s formula holds, so by the additivity lemma,
it holds for the triangle as well. (The values of B and I are
the same for each of the two triangles, so if Picks’s formula
gave an answer that was either too small or too large, then
it would give a correspondingly wrong answer for the rect-
angle.) For the next step, consider an arbitrary triangle with
vertices at the lattice points that is not of the type already con-
sidered. Embed it in as small a rectangle as possible. There are
several possible ways this can happen, but in any case (and
adding one more edge in one case), the rectangle will have
been partitioned into the given triangle and two or three right
triangles with sides parallel to the coordinate axes. Again by
the additivity lemma, we are guaranteed that Pick’s formula
gives the correct area for the given triangle. This completes the
proof of P(3), the basis step in our strong induction proof. For
the inductive step, given an arbitrary polygon, use Lemma 1
in the text to split it into two polygons. Then by the addi-
tivity lemma above and the inductive hypothesis, we know
that Pick’s formula gives the correct area for this polygon.
21. a) In the left figure Zabp is smallest, but bp is not an in-
terior diagonal.  b) In the right figure bd is not an interior
diagonal. ) In the right figure bd is not an interior diago-
nal.  23. a) When we try to prove the inductive step and find
a triangle in each subpolygon with at least two sides bordering
the exterior, it may happen in each case that the triangle we
are guaranteed in fact borders the diagonal (which is part of
the boundary of that polygon). This leaves us with no trian-
gles guaranteed to touch the boundary of the original polygon.
b) We proved the stronger statement YV >4 T (n) in Exercise
17.  25. a) The inductive step here allows us to conclude that
P(3), P(5), ...areall true, but we can conclude nothing about
P(2), P(4),.... b) P(n) is true for all positive integers n,
using strong induction.  ¢) The inductive step here enables
us to conclude that P(2), P(4), P(8), P(16),...areall true, but
we can conclude nothing about P(n) when 7 is not a power
of 2. d) This is mathematical induction; we can conclude
that P(n) is true for all positive integers n. ~ 27. Suppose, for
a proof by contradiction, that there is some positive integer n
such that P(r) is not true. Let m be the smallest positive inte-
ger greater than n for which P(m) is true; we know that such
an m exists because P(m) is true for infinitely many values of
m. But we know that P(m) — P(m — 1),s0 P(m — 1) isalso
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true. Thus, m — 1 cannot be greater thann,som — 1 = n and
P(n)is in fact true. This contradiction shows that P(n) is true
foralln.  29. The error is in going from the base case n = 0
to the next case, n = 1; we cannot write 1 as the sum of two
smaller natural numbers. ~ 31. Assume that the well-ordering
property holds. Suppose that P(1) is true and that the condi-
tional statement [P(1) A P2)A---AP(n)] > P(n+ 1) is
true for every positive integer n. Let S be the set of positive
integers n for which P (n) is false. We will show § = @. As-
sume that § # (. Then by the well-ordering property there is
a least integer m in S. We know that m cannot be 1 because
P(1)is true. Because n = m is the least integer suchthat P (n)
is false, P(1), P(2),..., P(m — 1) are true, and m — 1 > 1.
Because [P(1) A P(2) A --- A P(m — 1)] = P(m)is true, it
follows that P(m) must also be true, which is a contradiction.
Hence, S =#.  33. In each case, give a proof by contradic-
tion based on a “smallest counterexample,” that is, values of
n and k such that P(n, k) is not true and n and k are small-
est in some sense. a) Choose a counterexample with n + k as
small as possible. We cannot have n = 1 and k = 1, because
we are given that P(1, 1) is true. Therefore, either n > 1 or
k > 1. In the former case, by our choice of counterexam-
ple, we know that P(n — 1, k) is true. But the inductive step
then forces P (n, k) to be true, a contradiction.  b) Choose a
counterexample with n as small as possible. We cannot have
n =1, because we are given that P(1, k) is true for all £.
Therefore, n > 1. By our choice of counterexample, we know
that P(n — 1, k) is true. But the inductive step then forces
P(n, k) to be true, a contradiction. ¢) Choose a counterex-
ample with & as small as possible. We cannot have k =1,
because we are given that P(n, 1) is true for all n. There-
fore, k > 1. By our choice of counterexample, we know that
P(n, k — 1) is true. But the inductive step then forces P(n, k)
to be true, a contradiction. ~ 35. Let P(n) be the statement
that if x|, x, ..., x, are n distinct real numbers, then n — 1
multiplications are used to find the product of these numbers
no matter how parentheses are inserted in the product. We
will prove that P(n) is true using strong induction. The ba-
sis case P(1) is true because 1 — 1 = 0 multiplications are
required to find the product of x;, a product with only one
factor. Suppose that P (k) is true for 1 < k < n. The last mul-
tiplication used to find the product of the n + 1 distinct real
numbers X, Xy, ..., X4, X,41 18 @ multiplication of the prod-
uct of the first £ of these numbers for some & and the prod-
uct of the last # 4+ 1 — k of them. By the inductive hypoth-
esis, k — 1 multiplications are used to find the product of k
of the numbers, no matter how parentheses were inserted in
the product of these numbers, and n — k multiplications are
used to find the product of the other n + 1 — k of them, no
matter how parentheses were inserted in the product of these
numbers. Because one more multiplication is required to find
the product of all #» + 1 numbers, the total number of mul-
tiplications used equals (k — 1) + (n — k) + 1 = n. Hence,
P(n+1)is true. 37.Assume thata =dg +r =dq’' +r’
with 0 <r <d and 0 <+’ <d. Then d(g —q')=7r"—r.
It follows that d divides »’ — r. Because —d <r' —r < d,
we have ' —r = 0. Hence, ' =r. It follows that ¢ = ¢'.
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39. This is a paradox caused by self-reference. The answer is
clearly “no.” There are a finite number of English words, so
only a finite number of strings of 15 words or fewer; there-
fore, only a finite number of positive integers can be so de-
scribed, not all of them. ~ 41. Suppose that the well-ordering
property were false. Let S be a nonempty set of nonnegative
integers that has no least element. Let P(n) be the statement
“i ¢Sfori =0,1,...,n" P(0)is true because if 0 € S then
S has a least element, namely, 0. Now suppose that P(n) is
true. Thus,0 € S,1 ¢ S,...,n & S. Clearly, n + 1 cannot be
in S, for if it were, it would be its least element. Thus P(n + 1)
is true. So by the principle of mathematical induction, n & S
for all nonnegative integers n. Thus, S = @, a contradiction.
43. This follows immediately from Exercise 41 (if we take the
principle of mathematical induction as an axiom) and from
this exercise together with the discussion following the for-
mal statement of strong induction in the text, which showed
that strong induction implies the principle of mathematical
induction (if we take strong induction as an axiom).

Section 4.3

La) f(1)=3,f2)=5,/3)=7f(4=9 b) f()=3,
f@Q)=9, f3) =27, fH =81 ¢ f(1)=2, f(2)=4,
f(B)=16, f(4)=65536 d) f(1)=3, f2)=13, f(3) =
183, /(4)=33,673 3.a) f)=-1,f(3)=5,f@) =2,
f6)=17 b) f(2) = -4, f(3) = 32, f(4) = —4096,
f(5) = 536,870,912 ¢) f2)=8, f3) =176, f(4) =
92,672, f(5)=25,764,174,848  d) f(2) = —%, f3) =
—4, f(4) = %, f(5)=-32 5. a)Notvalid b) f(n)=
1 —n. Basis step: f(0)=1=1—0. Inductive step: if
f(k)y=1—k,then f(k+1)=f)—1=1-k—-1=1-
(k+1). ¢ f(n)y=4—n if n>0, and f(0)=2. Basis
step: f(0)=2 and f(1) =3 =4 — 1. Inductive step (with
k>1) fk+)=fk)—-1=@-k)—-1=4—(k+1).
d) f(n) = 2\0+V/2) Basis step: f(0) = 1 = 210+D72] apd
f(1) =2 =20+D2 [nductive step (with k > 1): f(k +
1) = 2f(k—1) = 2. 22 = k2141 = HUk+D+D2]
e) f(n) = 3". Basis step: Trivial. Inductive step: For odd n,
fm)=3f(m—1)=3-3""1=3" and for even n > 1,
fM)=9f(n—2)=9-3""%=3" 7. There are many
possible correct answers. We will supply relatively simple
ones. a)ayy =a,+6forn>1landa; =6 b)a,, =
a,+2 for n>1 and ay =3 c¢)a,4; = 10a, for n > 1
anda; =10 d)a,y; =a,forn > landa; =5 9. F(0)=
0,Fny=F(m—1)+nforn>1 11. P,(0)=0, P,(n+
1) = Pu(n)+m 13.Let P(n)be“fi + f+ -+
Jfan—1 = fan” Basis step: P(1) is true because f; =
1 = f,. Inductive step: Assume that P(k) is true. Then
fit i+ o+ S+ e = et Skt = S t+
Loty 15. Basis step: fofi + fifa=0-1+1-1=
12 = f2. Inductive step: Assume that fofy + fifa+ -+
fou-rfox = f-Then fofy + fifo+ -+ + fuoifu+
Sokfokt + St S = [+ S fok 11+ i+ 1 farr =
S foe + fokr) + fok 41 fak+2= for fokv2 + foert fakpr =
(fak + fok+1) foks2 = fhyp-  17. The number of divisions
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used by the Euclidean algorithm to find ged(fy+1, f,) is
0forn=0,1forn=1, and n—1 for n > 2. To prove
this result for n > 2 we use mathematical induction. For
n =2, one division shows that gecd(f3, f2) = ged(2, 1) =
ged(1,0) = 1. Now assume that k — 1 divisions are used
to find ged(fit1, fix). To find ged(fis2, fit1), first divide
Jis2 bY fiq1 to obtain fii, =1+ fig1 + fi. After one div-

ision we have gcd(fit2, fit1) = ged(fit1, fi)- By the
inductive hypothesis it follows that exactly k¥ — 1 more di-

visions are required. This shows that k divisions are re-
quired to find ged( fi+2, fit1), finishing the inductive proof.
19. |A| = —1. Hence, |A"|=(-1)". & follows that
Sust St = f2=(=1)". 21.a) Proof by induction. Basis

step: For n = 1, max(—a;) = —a; = —min(a,). For n = 2,
there are two cases. If a; >a;, then —a; > —a,, so
max(—aj, —a;) = —a; = —min(a;, ap). If a; < ay, then
—ay < —ap, so max(—a;, —a;) = —a, = —min(a;, a).
Inductive step: Assume true for k with k> 2. Then
max(—aj,—ay, ...,—ax,—a41) = max(max(—ay, ...,—ay),
—ak+1) = max(—min(ay, ..., a), —@g+1) = — min(min
(a1,...,ak), ary1) = —min(ay, ..., age). b) Proof by

mathematical induction. Basis step: For n = 1, the result
is the identity a; + by =a; +by. For n =2, first con-
sider the case in which a; + b; > a; + b;. Then max(a; +
b1, ay + by) = a; + by. Also note that a; < max(ay, a;) and
b1 < max(by, by), so a; + b; < max(ay, a;) + max(by, by).
Therefore, max(a; + by, az +by) = a; + by < max(ay, a;) +
max(by, by). The case with a; +b; <ay+b, is simi-
lar. Inductive step: Assume that the result is true for k.
Then max(a; + by, a2 + by, ..., ar + by, ary1 +bpyy) =
max(max(a; + by, a2 + by, ..., a4k + by), agr + b)) <

max(max(ay, a3, ..., a;) + max(by, by, ..., by), a +1 +
bry1) < max(max(ar,ay, ..., a), arp1) + max(max(by,
by, ..., by), bry1) = max(ay, az, ..., a, ag+) + max(by,

by, ..., bk, be1).  ¢) Same as part (b), but replace every
occurrence of “max” by “min” and invert each inequality.
23.5eS,and x+yeSif x,yeS. 25.a)0€S, and
ifxeS thenx+2€c'Sandx—2¢S. b)2 € S, and if
xeS,thenx+3€S. ¢)1eS5,2€85,3€8S,4€8S, and
ifxeS, thenx+5€S. 27.2)(0,1),(1, 1), (2, 1);(0,2),
(1,2), 2,2), (3,2), (4,2); (0,3), (1,3), (2,3), 3,3), 4,3),
(5,3),(6,3);(0,4), (1,4), (2,4), 3, 4), (4,4), (5,4), (6, 4),
(7,4), (8,4) b)Let P(n) be the statement that a < 2b
whenever (a,b) € S is obtained by n applications of the
recursive step. Basis step: P(0) is true, because the only
element of S obtained with no applications of the recur-
sive step is (0, 0), and indeed 0 < 2 - 0. Inductive step: As-
sume that @ < 2b whenever (a, b) € S is obtained by k or
fewer applications of the recursive step, and consider an
element obtained with £ + 1 applications of the recursive
step. Because the final application of the recursive step to
an element (a, b) must be applied to an element obtained
with fewer applications of the recursive step, we know that
a<2b.Add0<2,1<2,and 2 < 2, respectively, to obtain
a<20b+1),a+1<2b+1),anda +2 < 2(b + 1),asde-
sired.  ¢) This holds for the basis step, because 0 < 0. If this
holds for (a, b), then it also holds for the elements obtained
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from (a, b) in the recursive step, because adding 0 < 2,
1 <2,and2 < 2,respectively,toa < 2byieldsa < 2(b + 1),
a+1<20b+1), and a+2<2(b+1). 29.a)Define
S by (I,1)eS, and if (a,b)€ S, then (a+2,b) €S,
(a,b+2)e S,and(@+1,b+ 1) € S. All elements put in S
satisfy the condition, because (1, 1) has an even sum of coor-
dinates, and if (a, b) has an even sum of coordinates, then so
do(a+2,b),(a,b+2),and (a + 1, b+ 1). Conversely, we
show by induction on the sum of the coordinates that if a + b
is even, then (a, b) € S. If the sum is 2, then (a, b) = (1, 1),
and the basis step put (a, b) into S. Otherwise the sum is
at least 4, and at least one of (a —2,b), (a,b —2), and
(a — 1, b — 1) must have positive integer coordinates whose
sum is an even number smaller than ¢ + b, and therefore must
be in S. Then one application of the recursive step shows that
(a,b) € S. b)Define S by (1, 1), (1,2),and (2, 1) are in S,
and if (a, b) € S, then (@ + 2, b) and (a, b+ 2) are in S. To
prove that our definition works, we note first that (1, 1), (1, 2),
and (2, 1) all have an odd coordinate, and if (a, b) has an
odd coordinate, then so do (a + 2, b) and (a, b + 2). Con-
versely, we show by induction on the sum of the coordinates
that if (a, b) has at least one odd coordinate, then (a, b) € S.
If (a,b)=(1,1) or (a,b)=(1,2) or (a,b) =(2,1), then
the basis step put (a, b) into S. Otherwise either a or b is
at least 3, so at least one of (@ — 2, b) and (a, b — 2) must
have positive integer coordinates whose sum is smaller than
a+b, and therefore must be in S. Then one application
of the recursive step shows that (a,b) € S. ¢)(1,6)€ S
and (2,3) € S, and if (a,b) € S, then (@ +2,b) € S and
(a,b+6) € S. To prove that our definition works, we note
first that (1, 6) and (2, 3) satisfy the condition, and if (a, b)
satisfies the condition, then so do (a + 2, b) and (a, b + 6).
Conversely we show by induction on the sum of the coor-
dinates that if (a, b) satisfies the condition, then (a, b) € S.
For sums 5 and 7, the only points are (1, 6), which the basis
step put into S, (2, 3), which the basis step put into S, and
(4,3) =(2+2,3), which is in § by, one application of the
recursive definition. For a sum greater than 7, either a > 3, or
a <2andb > 9, in which case either (a — 2, b) or (a, b — 6)
must have positive integer coordinates whose sum is smaller
than a + b and satisfy the condition for being in S. Then
one application of the recursive step shows that (a, b) € S.
31.1If x is a set or a variable representing a set, then x is
a well-formed formula. If x and y are well-formed formu-
lae, then so are X, (x Uy), (x Ny), and (x — y). 33.a)If
xeD = {0,1,2,3,4,5,6,7,8,9}, then m(x)=x; if
s = tx, where t € D* and x € D, then m(s) = min(m(s), x).
b) Let t = wx, where w € D* and x € D. If w = A, then
m(st) = m(sx) = min(m(s), x) = min(m(s), m(x)) by the
recursive step and the basis step of the definition of m.
Otherwise, m(st) = m((sw)x) = min(m(sw), x) by the def-
inition of m. Now m(sw) = min(m(s), m(w)) by the in-
ductive hypothesis of the structural induction, so m(st) =
min(min(m(s), m(w)), x) = min(m(s), min(m(w), x)) by the
meaning of min. But min(m(w), x) = m(wx) = m(t) by
the recursive step of the definition of m. Thus, m(st) =
min(m(s), m(t)). 35.A% = x and (ux)® = xu® forx € %,
uex* 37.wd=xr and w"' =ww”. 39.When the
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string consists of n 0s followed by n 1s for some non-
negative integer n ~ 41. Let P(i) be “I(w’) =i - [(w).” P(0)
is true because /(w®) = 0 =0-/(w). Assume P(i) is true.
Then [(w*!) = I(ww') = I(w) + I(w') = I(w) + i - I(w) =
(i +1)-l(w). 43.Basis step: For the full binary tree con-
sisting of just a root the result is true because n(T) =1
and A(T) =0,and 1 > 2 - 0 + 1. Inductive step: Assume that
n(Ty) > 2h(Ty) + 1 and n(T3) > 2h(T>) + 1. By the recursive
definitions of n(T) and A(T), we have n(T) = 1 + n(T}) +
n(Ty) and A(T) = 1 + max(h(T}), h(T,)). Therefore n(T) =
14+n(T)+n(T2) > 1+ 20(Ty) + 1+ 20(T) +1> 142
max(h(Th), i(T2)) + 2 = 1+ 2(max(h(Ty), i(Ty)) + 1) =
1+ 2h(T). 45. Basis step: ago = 0 = 0+ 0. Inductive
step: Assume that a, , =m’+n' whenever (m’,n’) is
less than (m, n) in the lexicographic ordering of N x N. If
n=0thena,, =ay_1,+1=m—14+n+1=m+n.If
n>0, then ay, =app1+1l=m+n—-1+1=m+n.
47.a) P, ,, = P, because a number exceeding m cannot be
used in a partitionof m.  b) Because there is only one way to
partition 1, namely, 1 = 1, it follows that P, , = 1. Because
there is only one way to partition m into 1s, P,,; = 1. When
n > m it follows that P,, , = P, ,, because a number exceed-
ing m cannot be used. P,, ,, = 1 + P, 1 because one extra
partition, namely, m = m, arises when m is allowed in the par-
tition. Py, = Py n—1 + Py—n.nifm > nbecause apartition of
m into integers not exceeding n either does not use any ns and
hence, is counted in P,, ,_; or else uses an n and a partition of
m — n,and hence, iscountedin P, ,. ¢) Ps=7, Ps=11
49. Let P(n) be “A(n,2) = 4.” Basis step: P(1) is true be-
cause A(1,2) = A(0, A(1, 1)) = A(0,2) =2 -2 = 4. Induc-
tive step: Assume that P(n) is true, that is, A(n, 2) = 4. Then
An+1,2)=An, An+1,1)) = A(n,2)=4. 5l.a)16
b) 65,536  53.Use a double induction argument to prove
the stronger statement: A(m, k) > A(m,[) when k > I. Ba-
sis step: When m = 0 the statement is true because k > /
implies that A(0, k) = 2k > 21 = A(0,1). Inductive step:
Assume that A(m,x) > A(m,y) for all nonnegative inte-
gers x and y with x > y. We will show that this implies
that A(m + 1, k) > A(m + 1,1) if k > 1. Basis steps: When
I=0andk > 0, A(m + 1,1) = O and either A(m + 1, k) =2
or Am+1,k)=A(m,Am+1,k—1)). If m =0, this
is 2A(1,k— 1) =2k, If m > 0, this is greater than 0 by
the inductive hypothesis. In all cases, A(m + 1,k) > 0,
and in fact, Am+1,k)>2. If I=1 and k > 1, then
Am+1,)=2and A(m + 1,k) = A(m, A(m + 1, k — 1)),
with A(m + 1,k — 1) > 2. Hence, by the inductive hypoth-
esis, A(m, A(m+ 1,k — 1)) > A(m,2) > A(m, 1) = 2. In-
ductive step: Assume that A(m + 1,7) > A(m +1,s) for
all ¥ >s5,5=0,1,...,1. Then if k+1 > 1+ 1 it follows
that A(m + 1,k +1) = A(m, A(m + 1, k)) > A(m, A(m +
Lk)=Am+1,1+1). 55. From Exercise 54 it fol-
lows that A(i, j) > AG —1,/)>---> A0, j) =2j > j.
57. Let P(n) be “F (n) is well-defined.” Then P(0) is true be-
cause F (0) is specified. Assume that P (k) is true forall k < n.
Then F (n) is well-defined at n because F(n) is given in terms
of F(0), F(1),..., F(n — 1).So P(n)istrue for all integers n.
59. a) The value of F(1) is ambiguous. b) F(2) is not de-
fined because F(0) is not defined. ¢) F(3) is ambiguous
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and F(4) is not defined because F (‘31) makes no sense.
d) The definition of F(1) is ambiguous because both the
second and third clause seem to apply. e) F(2) cannot be
computed because trying to compute F(2) gives F(2) = 1 +
F(F(1))=1+F(Q2). 6l.a)l b) 2 ¢)3 d)3
e)4d N4 g5 63 ff(n)=[n/a] 65. f(n) =
[loglognforn > 2, f5(1) =0

Section 4.4

1. First, we use the recursive step to write 5! = 5-4!. We
then use the recursive step repeatedly to write 4! = 4. 3!,
31=3.21,21=2-1!, and 1! = 1 - 0!. Inserting the value
of 0! = 1, and working back through the steps, we see that
N=1-1=1,21=2-1'=2-1=2,31=3.21=3.2=
6,4 =4.31=4.6=24, and 5! =5-41=5-24 = 120.
3. First, because n =11 is odd, we use the else clause
to see that mpower(3,11,5) = (mpower(3,5,5)* mod 5 -
3 mod 5)mod 5. We next use the else clause again to
see that mpower (3,5, 5) = (mpower(3,2,5)* mod 5 - 3
mod 5)mod 5. Then we use the else if clause to see
that mpower (3,2,5) = mpower(3,1,5 mod5. Us-
ing the else clause again, we have mpower(3,1,5) =
(mpower (3,0, 5)> mod 5 - 3 mod 5) mod 5. Finally, using
the if clause, we see that mpower(3,0,5) = 1. Working
backward it follows that mpower(3,1,5)= (1> mod5 -
3mod S)mod 5 = 3, mpower(3,2,5) = 3> mod 5 = 4,
mpower (3,5, 5) = (4> mod 5 - 3 mod 5) mod 5 = 3, and fi-
nally mpower(3,11,5) = (3> mod 5 - 3 mod 5) mod 5 = 2.
We conclude that 3! mod 5 =2. 5. With this input, the
algorithm uses the else clause to find that ged(8, 13) =
ged(13 mod 8, 8) = ged(5, 8). It uses this clause again
to find that gcd(S, 8) = gcd(8 mod 5, 5) = ged(3, 5),
then to get ged(3, 5) = ged(S mod 3, 3) = ged(2, 3), then
ged(2, 3) = ged(3 mod 2, 2) = ged(1,2), and once more
to get ged(1,2) = ged(2 mod 1, 1) = ged(0, 1). Finally, to
find ged(0, 1) it uses the first step with @ =0 to find
that gcd(0, 1) = 1. Consequently, the algorithm finds that
ged(8,13) = 1.
7. procedure mult (n: positive integer, x: integer)

ifn = 1 then mult (n, x) :=x

else mult (n, x) := x +mult(n — 1,x)
9. procedure sum of odds (n: positive integer)

if n = 1 then sum of odds (n) := 1

else sum of odds(n) :=sum of odds (n — 1) +2n — 1

11. procedure smallest (ay, . . ., a,: integers)
if n = 1 then smallest (ay, ..., a,) = a
else smallest (ay, ..., a,) =

min(smallest (ay, . .., ay—1), an)

13. procedure modfactorial(n, m: positive integers)
if n = 1 then modfactorial(n, m) := 1
else modfactorial(n, m) :=
(n - modfactorial(n — 1, m)) mod m
15. procedure ged(a, b: nonnegative integers)
{a < b assumed to hold}
ifa = 0 then gcd(a, b) :=b
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elseif « = b — a then ged(a, b) :=a

elseif a < b — a then ged(a, b) := ged(a, b — a)

else gcd(a, b) := ged(b — a, a)
17. procedure multiply (x, y : nonnegative integers)

if y = 0 then multiply (x, y) :=0

else if y is even then

multiply (x, y) := 2 - multiply (x, y/2)

else multiply (x, y) := 2 - multiply (x, (y—1)/2) + x
19. We use strong induction on a. Basis step: If a = 0, we
know that ged(0, b) = b for all b > 0, and that is precisely
what the if clause does. Inductive step: Fix k > 0, assume
the inductive hypothesis—that the algorithm works correctly
for all values of its first argument less than k—and consider
what happens with input (k, b), where k < b. Because k > 0,
the else clause is executed, and the answer is whatever the
algorithm gives as output for inputs (b mod £, k). Because
bmod k < k, the input pair is valid. By our inductive hy-
pothesis, this output is in fact gcd(b mod £, k), which equals
ged(k, b) by Lemma 1 in Section 3.6. 21.1f n = 1, then
nx = x, and the algorithm correctly returns x. Assume that
the algorithm correctly computes kx. To compute (k + 1)x
it recursively computes the product of k + 1 — 1 = k and x,
and then adds x. By the inductive hypothesis, it computes
that product correctly, so the answer returned is kx +x =
(k + 1)x, which is correct.
23. procedure square (n: nonnegative integer)

if n = 0 then square (n) := 0

else square (n) := square(n — 1) +2(n — 1) + 1
Let P(n) be the statement that this algorithm correctly com-
putes n%. Because 0> = 0, the algorithm works correctly (us-
ing the if clause) if the input is 0. Assume that the algo-
rithm works correctly for input k. Then for input k + 1, it
gives as output (because of the else clause) its output when
the input is &, plus 2(k + 1 — 1) + 1. By the inductive hy-
pothesis, its output at k is k%, so its output at k+ 1 is
R +2k+1-1)+ 1=k +2k+1=(k+ 1)? asdesired.
25. n multiplications versus 2" 27. O(log n) versus n
29. procedure a(n: nonnegative integer)

ifn = 0thena(n) :=1

elseif n = 1 then a(n) :=2

elsea(n):=a(m—1) xan —2)
31. Iterative

33. procedure iterative(n: nonnegative integer)
ifn =0thenz:=1
elseifn = 1 thenz :=2
else
begin

x:=1
y:i=2
z:=3
fori:=1ton—-2
begin
w=x+y+z
x:=y
yi=z
Z=w
end
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end
{z is the nth term of the sequence}

35. We first give a recursive procedure and then an iterative
procedure.

procedure r(n: nonnegative integer)

ifn <3 thenr(n):=2n+1

elser(n) =r(m—1)-(r(n —2))*- (r(n = 3)°

procedure i(n : nonnegative integer)
ifn =0thenz:=1
elseifn = 1 thenz :=3
else
begin
x:=1
y:=3
z:=95
fori :=1ton—-2
begin
wi=z%)ykx
xX:=y
yi=z
z:=w
end
end
{z is the nth term of the sequence}
The iterative version is more efficient.

3

37. procedure reverse (w: bit string)
n = length(w)
if n < 1 then reverse(w) := w
else reverse(w) :=
substr (w, n, n)reverse (substr (w, 1,n — 1))
{substr (w, a, b) is the substring of w consisting of
the symbols in the ath through bth positions}

39. The procedure correctly gives the reversal of A as A (ba-
sis step), and because the reversal of a string consists of
its last character followed by the reversal of its first n — 1
characters (see Exercise 35 in Section 4.3), the algorithm
behaves correctly when n > 0 by the inductive hypothesis.
41. The algorithm implements the idea of Example 13 in Sec-
tion 4.1. If n = 1 (basis step), place the one right triomino
so that its armpit corresponds to the hole in the 2 x 2 board.
If n > 1, then divide the board into four boards, each of size
2"=1 % 2= notice which quarter the hole occurs in, position
one right triomino at the center of the board with its armpit in
the quarter where the missing square is (see Figure 8 in Sec-
tion 4.1), and invoke the algorithm recursively four times—
once on each of the 2"~! x 2"~! boards, each of which has
one square missing (either because it was missing to begin
with, or because it is covered by the central triomino).

43. procedure A(m, n: nonnegative integers)
if m = 0 then A(m, n) :=2n
else if n = 0 then A(nr, n) :=0
elseif » = 1 then A(m, n) :=2
else A(m,n) := A(m — 1, A(m,n — 1))
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47. Let the two lists be 1,2,...,m —1,m+n —1 and m,
m+1,...,m+n—2, m+n, respectively. 49.If n = 1,
then the algorithm does nothing, which is correct because a
list with one element is already sorted. Assume that the algo-
rithm works correctly for n = 1 throughn = k. Ifn =k + 1,
then the list is split into two lists, L, and L,. By the induc-
tive hypothesis, mergesort correctly sorts each of these sub-
lists; furthermore, merge correctly merges two sorted lists into
one because with each comparison the smallest element in
Ly ULj not yet put into L is put there. 51.0(n) 53.6
55.0(n?)

Section 4.5

1. Suppose that x = 0. The program segment first assigns the
value I to y and then assigns the valuex + y =0+ 1 = 1 toz.
3. Suppose that y = 3. The program segment assigns the value
2 to x and then assigns the value x + y =2+ 3 = 5toz. Be-
cause y =3 > 0 it then assigns the valuez+ 1 =5+1=6
toz.

5. (pA conditionl){S }q

(pA —conditionl A condition2)(S,}q

(pA —conditionl A —condition2
-+ A —condition(n — 1){S,}q
*. p{if condition] then S;;
else if condition2 then S5; .. . ; else S,}q
7. We will show that p : “power = x'"'andi <n+1”isa
loop invariant. Note that p is true initially, because before the
loop starts, i = 1 and power = 1 = x® = x!~!. Next, we must
show that if p is true and i < n after an execution of the loop,
then p remains true after one more execution. The loop incre-
ments i by 1. Hence, because i < n before this pass,i < n + 1
after this pass. Also the loop assigns power - x to power. By
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the inductive hypothesis we see that power is assigned the
value x'~! . x = x'. Hence, p remains true. Furthermore, the
loop terminates after » traversals of the loop with i = n + 1
because i is assigned the value 1 prior to entering the loop, is
incremented by 1 on each pass, and the loop terminates when
i > n. Consequently, at termination power = x", as desired.
9. Suppose that p is “m and n are integers.” Then if the con-
ditionn < Ois true, a = —n = |n| after S; is executed. If the
conditionn < 0is false,thena = n = |n| after S, is executed.
Hence, p{Si}q is true where q is p A (a = |n|). Because S,
assigns the value 0 to both & and x, it is clear that ¢{S,}r is
true where 7 is ¢ A (k = 0) A (x = 0). Suppose that 7 is true.
Let P(k) be “x = mk and k < a” We can show that P(k) is a
loop invariant for the loop in S3. P(0) is true because before
the loop is entered x =0 =m -0 and 0 < a. Now assume
P(k)istrue and k < a. Then P(k + 1) is true because x is as-
signed the value x +m = mk +m = m(k + 1). The loop ter-
minates when & = a, and at that point x = ma. Hence, 7{S;}s
is true where s is “a = |n| and x = ma.” Now assume that s
is true. Then if n < 0 it follows that a = —n, so x = —mn.
In this case S, assigns —x = mn to product. If n > 0 then
X = ma = mn, so S4 assigns mn to product. Hence, s{S,}t is
true.  11. Suppose that the initial assertion p is true. Then
because p{S}qq is true, gy is true after the segment S is exe-
cuted. Because go — ¢ is true, it also follows that ¢ is true
after § is executed. Hence, p{S}q is true.  13. We will use
the proposition p, “ged(a, b) = ged(x, y) and y > 0,” as the
loop invariant. Note that p is true before the loop is entered,
because at that point x = a, y = b, and y is a positive inte-
ger, using the initial assertion. Now assume that p is true and
» > 0; then the loop will be executed again. Inside the loop, x
and y are replaced by y and x mod y, respectively. By Lemma
1 of Section 3.6, ged(x, y) = ged(y, x mod y). Therefore, af-
ter execution of the loop, the value of ged(x, y) is the same
as it was before. Moreover, because y is the remainder, it is
at least 0. Hence, p remains true, so it is a loop invariant.
Furthermore, if the loop terminates, then y = 0. In this case,
we have ged(x, y) = x, the final assertion. Therefore, the pro-
gram, which gives x as its output, has correctly computed
gcd(a, b). Finally, we can prove the loop must terminate, be-
cause each iteration causes the value of y to decrease by at
least 1. Therefore, the loop can be iterated at most b times.

Supplementary Exercises

1. Let P(n) be the statement that this equation holds. Basis
step: P(1) says 2/3 =1 — (1/3"), which is true. Inductive
step: Assume that P(k) is true. Then 2/3 +2/9 +2/27 +
o4 2/3" +2/3M = 11— 1/3" 4+ 2/3"*! (by the inductive
hypothesis), and this equals 1 — 1/3"*!, as desired. 3. Let
Pn)be“l-1+2-2+ - +n-2""l=(m-1)2" + 1>
Basis step: P(1) is true because 1-1=1= (1 —1)2! 4+ 1.
Inductive step: Assume that P (k) is true. Then1-1+2-2 +
ek 2N (k1) 2K = (k- 12K+ 14+ (k+ 1)2F =
2k-24+1 = [(k+1)= 112"+ 1. 5.Let P(n) be “1/
1-4+---+1/[Bn-2)3n+ 1)) =n/(Bn+ 1) Basis
step: P(1) is true because 1/(1-4)= 1/4. Inductive
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step:  Assume P(k) is true. Then 1/(1-4)+---+
1/[Gk = 2)Bk + D]+ 1/[Bk + 1)(3k+4)] = k/Bk+ 1)+
1/[3k + 1)k +4)] = [k(Bk+4)+ 1]/[Bk+ DBk +4)] =
[Bk + D)k + DI/[Gk + DGk + 4)] = (k + 1)/(3k + 4).
7.Let P(n) be “2" > n*” Basis step: P(10) is true be-
cause 1024 > 1000. Inductive step: Assume P(k) is true.
Then hk+1P =43 +3k+1 <k +9%% < k3 +
K =2k <2.2F =251 9 Let P(n)be“a — bisa factor
of a" — b".” Basis step: P(1) is trivially true. Assume P (k)
is true. Then a**! — p¥+1 = g+l _ gpk 4 gpk — ph+1 =
a(@* — b*) + b¥(a —b). Then because a —b is a fac-
tor of a¥ —b* and @ — b is a factor of @ — b, it follows
that a — b is a factor of a**! —p**!1. 11.Let P(n) be
“‘at(@+d)+---+(a+nd)=(n+1)(2a +nd)/2” Ba-
sis step: P(1) is true because a+(a+d)=2a+d =
2(2a +d)/2. Inductive step: Assume that P(k) is true.
Thena+(@+d)+ -+ + (a+ kd) + [a + (k + 1)d] =
(k+ 1)Q2a +kd)/2+a+ (k+ 1)d = }(Q2ak + 2a + k*d +
kd +2a 4 2kd + 2d) = }(2ak + 4a + K*d + 3kd + 2d)=
%(k +2)[2a + (k+ 1)d]. 13. Basis step: This is true for
n =1 because 5/6 = 10/12. Inductive step: Assume that
the equation holds for n =k, and consider n =k + 1.
Then Zf:ll i(iﬁmn) = Zf:l i(i-%—ll-;(‘:wLZ) + (k+1)(]/:;)(k+3) =
2(15»31]()&7412) ta +1)(l/:i§)(k 5 (by the inductive hypothesis) =

1 k(k+7) k+5y 1
woes (T2 T3 = menemars KRGk + ) (+

3) + 2k +5)] = gy - G168 +23k+ 10) =
| '
wrnwary - Gk + 100k + 1Y =g - Gk +

10)(k+ 1) = %mz—), as desired.  15. Basis step:

The statement is true for n = 1 because the derivative of
g(x) =xe" is x -e* + €' = (x + 1)¢* by the product rule.
Inductive step: Assume that the statement is true for n = k,
ie., the kth derivative is given by g® = (x + k)e*. Dif-
ferentiating by the product rule gives the (k + 1)st deriva-
tive: g% = (x + k)e* 4+ " = [x + (k + 1)]e*, as desired.
17. We will use strong induction to show that f; is even if
n = 0 (mod 3) and is odd otherwise. Basis step: This follows
because fo =0 is even and f; =1 is odd. Inductive step:
Assume that if j <k, then f; is even if j = 0 (mod 3) and
is odd otherwise. Now suppose k + 1 =0 (mod 3). Then
Ji+1 = fi + fi-1 is even because f; and f;_; are both odd.
Ifk+1=1(mod 3), then fi11 = fi + fi_1 is odd because
Jiisevenand f;_; is odd. Finally, if k + 1 = 2 (mod 3), then
Jit1 = fi + fi1 is odd because f; is odd and f;_; is even.
19. Let P(n) be the statement that f; f, + fir1 fus1 = forist
for every nonnegative integer k. Basis step: This consists of
showing that P(0) and P(1) both hold. P(0) is true be-
cause fifo+ fis1/1 = fix1 -0+ fir1 - 1= fi. Because
i+ firrfo = fe+ firt = figo, it follows that P(1) is
true. Inductive step: Now assume that P(j) holds. Then, by
the inductive hypothesis and the recursive definition of the
Fibonacci numbers, it follows that f; Sivt+ fivofjs2=
Slfjr+ D)+ firfi + fi1) = (ffimr + fe o1 )+
(ufi + fenr fi+1) = fi-tehe1 + fiske1 = firkro. This
shows that P(j + 1) is true. 21.Let P(n) be the state-
ment 2+ +... + 12 =1,1,41 +2. Basis step: P(0) and
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P(1) both hold because 12 =22 =2-1+2=1/l +2
and 1(2) + 112 =22+ 12=1-3 + 2=1015 + 2. Inductive
step: Assume that P(k) holds. Then by the inductive hy-
pothesis [+ 2+ + 2+ 12, =Ll +2 + 2, | =
Des1(le 4 les1) + 2 = D lgs2 + 2. This shows that P(k + 1)
holds. 23.Let P(n) be the statement that the identity
holds for the integer n. Basis step: P(1) is obviously true.
Inductive step: Assume that P(k) is true. Then cos(k +
I)x + i sin(k + 1)x = cos(kx + x) + i sin(kx + x) = cos kx
cosx — sinkx sinx + i(sinkx cosx + coskx sinx) = cosx
(coskx + i sinkx)(cosx + i sinx) = (cosx + i sinx)*(cos x
+isinx) = (cosx +isinx)**!. It follows that P(k + 1)
is true. 25.Rewrite the right-hand side as 2"*!(n? —
2n+3)—6. For n=1 we have 2=4-2—6. Assume
that the equation holds for n = k, and consider n =k + 1.
Then Y411 j22/ = Y5 _| j22 + (k+ 172641 = 25+ 1 (k2
2k +3) — 6+ (k> 4+ 2k + 1)2¥*! (by the inductive hypo-
thesis) = 2671 (24% + 4) — 6 =2%*2(k* +2) — 6 = 2 [(k +
12 =2(k+1) + 3]—6. 27.Let P(n) be the statement
that this equation holds. Basis step: In P(2) both sides
reduce to 1/3. Inductive step: Assume that P(k) is true.
Then 553 1/G2 = 1) = (T /G2 = D) + Yl +
1? —1] = (k= DGk +2)/[4k(k + D]+ 1/[(k+ 172 —1]
by the inductive hypothesis. This simplifies to (k — 1)(3k +
2)/[4k(k + D]+ 1/(k* + 2k) = (3k> + 5k?)/[4k(k + 1)(k +
D] = {[(k+1) = 11[3(k+ 1)+ 2]}/[4(k + 1)(k 4+ 2)], which
is exactly what P(k + 1) asserts.  29. Let P(n) be the as-
sertion that at least n + 1 lines are needed to cover the
lattice points in the given triangular region. Basis step:
P(0) is true, because we need at least one line to cover
the one point at (0, 0). Inductive step: Assume the induc-
tive hypothesis, that at least k£ + 1 lines are needed to cover
the lattice points with x >0, y >0, and x + y < k. Con-
sider the triangle of lattice points defined by x > 0, y > 0,
and x +y <k + 1. By way of contradiction, assume that
k + 1 lines could cover this set. Then these lines must cover
the k42 points on the line x +y =k + 1. But only the
line x + y = k + 1 itself can cover more than one of these
points, because two distinct lines intersect in at most one
point. Therefore none of the k£ + 1 lines that are needed (by
the inductive hypothesis) to cover the set of lattice points
within the triangle but not on this line can cover more than
one of the points on this line, and this leaves at least one
point uncovered. Therefore our assumption that k + 1 lines
could cover the larger set is wrong, and our proof is complete.
31. Let P(n) be B = MA*M~!. Basis step: Part of the given
conditions. Inductive step: Assume the inductive hypothesis.
Then B! = BB* = MAM~!Bf = MAM~'MA*M~! (by
the inductive hypothesis) = MAIA*M~! = MAAM~! =
MA*IM~!. 33, We prove by mathematical induction the
following stronger statement: For every n > 3, we can write
n! as the sum of n of its distinct positive divisors, one of which
is 1. Thatis, we canwriten! = a; + a + - - - + a,, where each
a; isadivisor of n!, the divisors are listed in strictly decreasing
order, and a, = 1. Basis step: 3! = 3 + 2 + 1. Inductive step:
Assume that we can write k! as a sum of the desired form,
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say k! = a; +ay + - - - + a;, where each q; is a divisor of n!,
the divisors are listed in strictly decreasing order, and a, = 1.
Consider (k+ 1)!. Then we have (k+ 1)! = (k+ 1)k! =
k+Da+ar+ - +a)=k+Da+k+Day+ -+
k+Day = (k+Day+k+ Day+---+k-ay +a;. Be-
cause each a; was a divisor of k!, each (k + 1)a; is a divisor
of (k + 1)!. Furthermore, & - a; = k, which is a divisor of
(k+1)!, and a; = 1, so the new last summand is again 1.
(Notice also that our list of summands is still in strictly de-
creasing order.) Thus we have written (k + 1)! in the desired
form. 35. When n = 1 the statement is vacuously true. As-
sume that the statement is true for n = k, and consider & + 1
people standing in a line, with a woman first and a man last. If
the kth person is a woman, then we have that woman standing
in front of the man at the end. If the kth person is a man,
then the first k& people in line satisfy the conditions of the
inductive hypothesis for the first £ people in line, so again
we can conclude that there is a woman directly in front of
a man somewhere in the line.  37. Basis step: When n = 1
there is one circle, and we can color the inside blue and the
outside red to satisfy the conditions. /nductive step: Assume
the inductive hypothesis that if there are k circles, then the
regions can be 2-colored such that no regions with a common
boundary have the same color, and consider a situation with
k + 1 circles. Remove one of the circles, producing a picture
with k circles, and invoke the inductive hypothesis to color
it in the prescribed manner. Then replace the removed circle
and change the color of every region inside this circle. The
resulting figure satisfies the condition, because if two regions
have a common boundary, then either that boundary involved
the new circle, in which case the regions on either side used to
be the same region and now the inside portion is different from
the outside, or else the boundary did not involve the new circle,
in which case the regions are colored differently because they
were colored differently before the new circle was restored.
39.1f n =1 then the equation reads 1-1=1-2/2, which
is true. Assume that the equation is true for n and consider

itforn + 1. Then 12 — 1)( i %) =@ - 1)
(Zih) +ee+0 -1 75 =20 - D (55 +
Y )+ = (D@ - )+ (T -
Y %) 4 bl (L~n2)+@+ 241 (b the ind-

n+l1 n+l n+1
22 4+n(n+12+@n+2) _ 2n+DP4n(rl}?
2(n+1) - 2(n+1) -
CH0D 41,2092 )91 91 @91 e)9l
f) 91 43. The basis step is incorrect because n # 1 for the
sum shown. 45.Let P(n) be “the plane is divided into
n? —n +2 regions by n circles if every two of these cir-
cles have two common points but no three have a com-
mon point.” Basis step: P(l) is true because a circle
divides the plane into 2 =12 — 142 regions. Inductive
step: Assume that P(k) is true, that is, k circles with the
specified properties divide the plane into k2 — k + 2 regions.
Suppose that a (k 4 1)st circle is added. This circle intersects
each of the other £ circles in two points, so these points of
intersection form 2k new arcs, each of which splits an old

uctive hypothesis) =
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region. Hence, there are 2k regions split, which shows that
there are 2k more regions than there were previously. Hence,
k+ 1 circles satisfying the specified properties divide the
planeinto k> —k 4+ 2+ 2k = K2+ 2k+ 1) —(k+ 1)+ 2 =
(k4+1)? = (k+ 1)+ 2 regions.  47. Suppose +/2 were ra-
tional. Then +/2 = a/b, where a and b are positive inte-
gers. It follows that the set S = {nv/2|n e N} NN is a
nonempty set of positive integers, because b+/2 = a belongs
to S. Let ¢ be the least element of S, which exists by the well-
ordering property. Then t = s+/2 for some integer s. We have
t —s =54/2—5=5(+/2—1),50 1 —s is a positive integer
because +/2 > 1. Hence, t — s belongs to S. This is a con-
tradiction because f — s = sv/2 — s < s. Hence, +/2 is irra-
tional. 49.a) Letd = ged(ay, az, ..., a,). Thend is a divi-
sor of each a; and so must be a divisor of ged(a, -1, a,). Hence,
d is a common divisor of ay, ay, . . ., a,—3, and ged(a,—1, a,).
To show that it is the greatest common divisor of these num-
bers, suppose that ¢ is a common divisor of them. Then ¢
is a divisor of @; for i =1,2,...,n —2 and a divisor of
ged(ay,—1, ay), so it is a divisor of a,_; and a,. Hence, c is
a common divisor of a, as, ..., a,_1, and a,. Hence, it is a
divisor of d, the greatest common divisor of ay, ay, ..., a,.
It follows that d is the greatest common divisor, as claimed.
b) If n = 2, apply the Euclidean algorithm. Otherwise, ap-
ply the Euclidean algorithm to a,—; and a,, obtaining d =
ged(ay,-1, a,), and then apply the algorithm recursively to a,
a,...,a,_2,d. 5l. f(n)=n% Let P(n) be “f(n) = n2”
Basis step: P(1)is true because f(1) = 1 = 12, which follows
from the definition of f. Inductive step: Assume f(n) = n’.
Then f(n+1) = f(n+1) — D+2mn+1)—-1= f(n)+
m+1=n*+2n+1=@n+1>% 53.2)4,0,1,00,01,
11,000, 001,011, 111, 0000, 0001, 0011, 0111, 1111, 00000,
00001, 00011, 00111, 01111, 11111 b)S={af|a isa
string of m Os and B is a string of n 1s, m > 0,n > 0}
55. Apply the first recursive step to A to get () € B. Apply
the second recursive step to this string to get ()() € B. Ap-
ply the first recursive step to this string to get (()()) € B.
By Exercise 58, (())) is not in B because the number of left
parentheses does not equal the number of right parentheses.
57.1,0,0),00 59.2)0 b)-2 ¢)2 d)0

61. procedure generate(n: nonnegative integer)
if n is odd then
begin
S:=8Sn—-1T:=Thn-1)
end
else if n = 0 then

begin ‘
T, =T —-2);8 :=8n-2)
T:=T1U{x)|xeTiUS;and/(x) =n —2}
S:=8U{xy|xeTjandyeT; US,
and /(xy) = n}
end {T U S is the set of balanced strings of length
at most n}

Answers to Odd-Numbered Exercises S-37

63.1fx < yinitially, thenx := yisnotexecuted,sox < yisa
true final assertion. If x > y initially, then x := y is executed,
sox < y is again a true final assertion.

65. procedure zerocount (aj, az, . . ., a,: list of integers)
if n = 1 then
if a; = 0 then zerocount (a1, ay, ..., a,) =1
else zerocount (ay, ay, . ..,a,) =0 -
else
if a, = 0 then zerocount (ay, ay, ..., a,) :=
zerocount (ay, ay, ..., ay—1) + 1
else zerocount (ay, ay, ..., ay) =
zerocount (ay, ay, ..., an—1)

67. We will prove that a(n) is a natural number and a(n) < n.
This is true for the base case n = 0 because a(0) = 0. Now
assume that a(n — 1) is a natural number and a(n — 1) <
n — 1. Then a(a(n — 1)) is a applied to a natural number
less than or equal to n — 1. Hence, a(a(n — 1)) is also a
natural number minus than or equal to n — 1. Therefore,
n —a(a(n — 1)) is n minus some natural number less than
or equal to n — 1, which is a natural number less than
or equal to n.  69. From Exercise 68, a(n) = [(n + 1)u]
and a(n — 1) = |nu]. Because 1 < 1, these two values are
equal or they differ by 1. First suppose that un — [un] <
1 — . This is equivalent to u(n + 1) < 1 + |un]. If this is
true, then |u(n + 1)] = |un]. On the other hand, if un —
[un] > 1= p, then u(n +1) > 1 + |unj, so [u(n +1)] =
lun] 41, as desired.  71. f(0) =1, m(0)=0; f(1) =1,
m1)=0,/Q)=2,mQ2) =1 f3)=2,mB3)=2; f4) =
3, mA)=2 f5)=3, m(5)=3; f(6)=4 m®6) =4
S =5m()=4 f(8) =5m@®) =5 f(9)=6,m@) =
6 73. The last occurrence of # is in the position for which
the total number of 1’s, 2’s, ..., n’s all together is that posi-
tion number. But because a; is the number of occurrences of
k, this is just Y _;_, ax, as desired. Because f() is the sum of
the first n terms of the sequence, f(f(n)) is the sum of the
first f(n) terms of the sequence. But because f(n) is the last
term whose value is n, this means that the sum is the sum of
all terms of the sequence whose value is at most #. Because
there are a; terms of the sequence whose value is , this sum
is Y 4, k - ay, as desired

CHAPTER 5

Section 5.1

1. a)5850 b)343 3.a)4° 1b)5° 542 7.26°
9.676 11.2% 13.n+1 (counting the empty string)
15. 475,255 (counting the empty string)  17. 1,321,368,961
19. a) Seven: 56, 63, 70, 77, 84, 91,98  b) Five: 55, 66, 77,
88, 99 ¢)One: 77 21.a)128 1b)450 ¢)9 d)675
€450 £)450 g225 h)75 23.2)990 b) 500
)27 25,3% 27. 52,457,600 29. 20,077,200
31.a)37,822,859,361 b) 8,204,716,800 c¢) 40,159,050,
880 d)12,113,640,000 e) 171,004,205215 f) 72,043,
541,640 ) 6,230,721,635  h) 223,149,655 33.a)0
b) 120 ¢) 720 d)2520 35.2)2 if n=1,2 if n=2,0



